Tutorial 12

Let A= {1,--- ,n} be the set of players and v be a characteristic form.
Null player

Player i is said to be a null player of v if

v(SU{i}) =v(9), for any S C A\ {i}.

Symmetric players

Two players ¢ and j are said to be symmetric if

v(SU{i}) =v(SU{j}), forany S C A\ {i,j}.

Exercise 1 (The airport game). Building an airport will benefit n players.
For each i = 1,--- ,n, Player i requires an airport that costs c¢; to build.
To accommodate all the players, the airport should be built at a cost of
maxi<;<p C;. duppose all the costs are distinct and 0 = cy < c; < -+- < ¢p.
Take the characteristic function to be
S - — Q-

v(S) maxc
For ke {l,--- n}, let R, ={k,k+1,--- ,n} and define a function vy on
24 by

0e(S) = —(cr —cr—1) i SO Ry # 0,

0 otherwise.

(i) Show that for each k € {1,--- ,n}, v is a characteristic function.
(ii) Prove v =" ;_, .
(i11) Show that for each k € {1,--- ,n}, if i ¢ Ry, then Player i is a null

player of vy.



(iv) Show that for each k € {1,--- ,n}, if i,7 € Ry, then Player i and

Player j are symmetric players of vy.

(v) Find the Shapley values.

Solution. (i) is clear by checking the definition of characteristic function.

(ii) Let S C A. If S =0, then clearly v(S) = ;_, vk(S) = 0. If S # 0, let
ko = max S. Then by the definition of v, v(S) = —cg,. On the other hand,
note that SN Ry # 0 for k=1,--- kg and SN Ry = () for k > k. Hence
vp(S) = — (¢ — cp—q) for k=1, ko and v4(S) = 0 for k > kq. Hence

n ko ko
> u(S) =D wkl(8) =) —(cr — cry1) = —Cry-

We have proved that v(S) = > 7, v4(S) for any S C A, that is v =
Dkt V-
(iii) Let S C A\ {i} be arbitrary. Since i ¢ Ry, we have

(SU{i}) N R = SN Ry,

which implies that v4(S U {i}) = vx(S5). That is Player 7 is a null player of

Vi -

(iv) Let S € A\ {i,j} be arbitrary. Since i,j € Ry, we have

vi(SU{i}) = vk(SU{j}) = —(er — crr).

Hence Player ¢ and Player j are symmetric players.

(v) Fori =1,

1 :% Y (= [SNIISI=Dw(S) —r(S\{1})) =

" 1eSCA

(n—1)!
n!

v({1}) = -



Fori=2--- n,

1

eSC

SCA

1
. Z (n = [SDI(IST = 1)!

1
= Z (n—|SPI(S| — 1)!

Z n— |SPI(IS| = DI(w(S) — v(S\ {i}))

ve(S) — (S \ {i}))

_(Ck - Ckl)]

eSC L k=1 i
1 : .
== > (—IspuIsi - [Z(Vk(s) — v(S\ {Z}))]
" SCA: max S=i k=1
C; 1 : .
=Gy 3 (n—1S])!(S] = 1)! [Z(uk(5> —uk(S\{z}))]
SCA: maxS=t,|S|>2 k=1
¢ 1 i—1 i
=——+— > (n = ISPHIST = 1)! [Z
" j=1 SCA: max S=i,max (S\{i})=j k=j+1
61 i1
SR ) (n — 1SD!(IS| - 1)
T =1 SCA: max S=i,max (S\{i})=j
‘. 1 i—1 Jj+1
=" (e )y > (n—k)!(k —1)!
Cj=1 k=2 SCA: max S=i,max (S\{i})=j
. 1 i—1 j+1 j 1
=" (ci—cj)z(k_2>(n—k)!(l€—1)!.
" =1 k=2

Exercise 2. Let

R:

{(u,v) :

(u—2)*+ (v —2)* < 4}

Solve the Nash bargaining problem by using the following points as the status

quo point (j, V).
(1) (2,2).
(i1) (0,2).

Solution. (i) The bargaining set is shown in Figure 1. Consider g(u,v) =



Figure 1

2 u

Figure 2
(u—2)(v —2). On the bargaining set, v = 2 + /4 — (u — 2)2. Hence

glu,v) = (u—2)(2+ VA — (u—2)?
= (u—=2)(v4—(u—2)?)
<2

( by 2ab < a® + b%).

g(u,v) = 2 if and only if u — 2 = /4 — (u — 2)2, which implies that u =
2 ++/2. In this case, we have v = 2 + V2. Hence the arbitration pair is

(24+v2,2 +/2).

(ii) When the status point is (0,2), the bargaining set is shown in Figure

2. In this case, on the bargaining set



g(u,v) = (u—0)(v—2) =uy/4— (u—2)>2

By elementary calculus, we see that g attains its maximum at (u,v) =

(3,2 ++/3). Hence the arbitration pair is (3,2 + v/3).



